Recent experiments indicate that AA-stacked bilayer graphenes (BLG) could exist. Since the energy bands of the AA-stacked BLG are different from both the monolayer and AB-stacked bilayer graphenes, different integer quantum Hall effect in the AA-stacked graphene is expected. We have therefore calculated the quantized Hall conductivity σxy and also longitudinal conductivity σxx of the AA-stacked BLG within the linear response Kubo formalism. Interestingly, we find that the AAstacked BLG could exhibit both conventional insulating behavior (theν = 0 plateau) and chirality for |μ| < t, whereν is the filling factor (ν = σxyh/e 2 ),μ is the chemical potential, and t is the interlayer hopping energy, in striking contrast to the monlayer graphene (MLG) and AB-stacked BLG. We also find that for |μ| = [( 
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I. INTRODUCTION
Graphene exhibits many peculiar properties [1] and has greatly intrigued physicists in recent years. Charge carriers in the monolayer graphene (MLG) possess a linear energy dispersion (see Fig. 1a ) [2] and are of chiral nature [3] near each Dirac point. The quasiparticles in the ABstacked bilayer graphene (BLG) are also chiral. However, unlike MLG, the energy spectra of the AB-stacked BLG are parabolic (Fig. 1b) . One of the interesting properties of graphene is quantum Hall effect (QHE). Indeed, both theoretical [4] and experimental works [5] [6] [7] show that integer quantum Hall effect (IQHE) in MLG is unconventional. The Hall conductivity in MLG is quantized as
2 ), where n = 0, 1, 2, · · ·. The factor 4 comes from the fourfold (spin and valley) degeneracy. Furthermore, beacuse the states are shared by electron and hole at the zeroth Landau level (LL), the shift of 1/2 occurs. In contrast, in the AB-stacked BLG, within the two-band parabolic approximation, the Hall conductivity was shown to be σ xy = ± 4e 2 h n, where n = 1, 2, 3, · · · [8] .
The zeroth and first Landau levels are degenerate and hence the first quantum Hall plateau appears at 4e
2 /h instead of 2e 2 /h. This phenomenon has been observed experimentally [9] . QHE of the AB-stacked BLG was also studied based on a four-band Hamiltoian in Ref. [10] . * Electronic address: gyguo@phys.ntu.edu.tw Although AB stacking is predicted to be energetically favored over AA stacking in ab initio density functional theory (DFT) calculations, the energy difference of about 0.02 eV/cell is small [11, 12] . Moreover, Lauffer et al. found that scanning tunneling microscopy (STM) images of BLG resemble that of MLG, and hence they regarded it as a consequence of the BLG confiquration being close to AA stacking [13] . Moreover, Liu et al. reported that in their high-resolution transmission electron microscope (HR-TEM) experiments a high proportion of thermally treated samples are AA-stacked BLG [14] . These findings indicate the possibilty of fabrication of the AA-stacked BLG. Since the energy bands of the AA-stacked BLG (see Fig. 1c ) are different from both the AB-stacked BLG and monolayer graphene, the quantum Hall effect in the AAstacked is expected to be quite different from that in the latter two systems.
We have therefore carried out a theoretical study of IQHE as well as the longitudinal conductivity σ xx in the AA-stacked bilayer graphene using the Kubo formalism. In this paper, we present a general analytical form of the Hall conductivity [σ xy (μ, B)] as a function of both chemical potential (μ) and magnetic field (B) of the AAstacked BLG. Our presentation will be divided into two parts: i) the variation of the σ xy vs. 1/B curve with some fixedμ's and ii) the effect of the magnetic field on the σ xy vs.μ curve. Our main findings are as follows.
where t is the interlayer hopping energy, n 1 and n 2 are any integers larger than 1 and 2, respectively, and n 1 < n 2 , the Hall
The energy bands of (a) monolayer graphene, (b) AB-stacked bilayer graphene, and (c)AAstacked bilayer graphene.
conductivity is quantized as
However
]t, the Hall conductivity is given by
(2) Secondly, in the low-disorder and high-magnetic-field regime [Γ → 0 and
c )] → 0 if the Fermi level is not close to a Dirac point, where ω c is the cyclotron energy. That is to say, if the magnetic field is high enough, the applied electric field cannot drive any current for |μ| < t, while the current is perpendicular to external electric field for |μ| > t. Thirdly, we find that the σ xy = 0 (the filling factorν = 0) plateau acrossμ = 0 would disappear when B = πt 2 /N ehυ 2 F , N = 1, 2, 3, · · ·, and that a 8e 2 /h-step atμ = t occurs while a zero-Hall conductivity plateau disappears. Interestingly, unlike the monolayer and AB-stacked bilayer graphenes, the AA-stacked bilayer graphene could display a unusualν = 0 plateau even though it contains chiral quasiparticles. We argue that the occurrence of theν = 0 plateau is due to the shift of level anomalies by the interlayer hopping energy t.
II. THEORETICAL MODEL AND ANALYTICAL CALCULATION

A. Model Hamiltonian and Landau levels
We first derive an effective four-band Hamiltonian near each Dirac point for the AA-stacked bilayer graphene in tight-binding aprroximation via k · p expansion [1] . We then diagonalize this Hamiltonian to obtain the energy bands of the AA-stacked BLG. In Fig. 1 , we display the energy bands of the MLG, AB-stacked, and AA-stacked BLG together. We find that the energy bands of the AA-stacked BLG are just two copies of the MLG band structure shifted up and down by t, respectively. Hence, E = ±t are the Dirac points for the AA-stacked BLG. When a magnetic field is applied, we should replace the momentum operator p with p + eA/c, where the external magnetic field B = ∇ × A and -e is the charge of an electron. The magnetic field is applied along the positive z-axis (i.e. out of plane) and hence the vector potential can be written as A = (−By, 0, 0) in the Landau gauge. Therefore, the effective four-band Hamiltonian in the presence of the magnetic field is given by
Here ± label the two valleys of the band structure at K and K ′ , respectively. υ F denotes the Fermi velocity. In the Laudau gauge, we can substitute the eigenfunction ψ = e ikx φ(y) of the Hamiltonian into the schrödinger equation Hψ = Eψ. Here φ(y) can be written as
T , where φ 1 and φ 2 are two-component column vectors. Then, we make the transformations:
where the magnetic length ℓ B = c/|eB|. Finally, for the K valley, the schrödinger equation reads
Since O ∓ satisfy the commutation relation:
∓ are the annihilation and creation operators of onedimensional (1-D) simple harmonic oscillator (SHO), respectively. Similarly, σ ± are the raising and lowering operators of pesudospin angular momentum. Obviously, the eigenstates of
where |N are the eigenstates of the 1-D SHO. All non-zero vectors are eigenvectors of −tI. Therefore, we can infer that the eigenvalues of Eq. (4) are
with ω c = √ 2υ F /ℓ B and the eigenstates of Eq. (4) are
Here the indice µ = ± and ν = ±. Clearly, the LLs of the AA-stacked BLG are just two copies of the LLs of the MLG shifted up and down by t, respectively.
B. Linear response calculation
The conductivity can be calculated using the Kubo formula within the linear response theory [15] . The Kubo formula for the DC-conductivity is given by
Here the retarded current-current correlation Π R ij in the Matsubara form reads [10] 
, where the factor 4 is due to the fourfold (spin and valley) degeneracy, the velocity operator
ω n and ν m are Matsubara frequencies of fermion and boson, respectively. When the chemical potential and disorder scattering are considered, Matsubara frequency of fermion has to be corrected as iω n = iω n +μ/ + isgn(ω n )Γ/ . Γ is the Landau level broadening due to the presence of disorder. Substituting the eigenstates of H + into Eq. (8), we obtain
where χ µν,ρσ k,ℓ is defined as
In the DC and clean limit, we let Ω + i0 → 0 and set Γ = 0. Then, after evaluating the Matsubara sums [15] , we find that
where f (E) is the Fermi-Dirac distribution. Furthermore, we definef (E) = f (E) − 1/2. Then, using Eqs. (7), (9) and (11) and considering the variation of direction of conductivity with the signs of magnet field and carrier charge, we can derive that
At zero temperature, f (E) = 1 and f (E) = 0 for the occupied and unoccupied LLs, respectively. The LLs located at E ≤μ are ocuppied and the others are empty. That is to say,f (E) = 1/2 for E ≤μ, whilef (E) = −1/2 for E >μ. Therefore, we only need to calculate the number of LLs between −μ andμ to determine the magnitude of the Hall conductivity. Moreover, for −|μ| < E < |μ|, the number of the up-shifted LLs (ν = −) is equal to that of the down-shifted LLs (ν = +). Hence, we find that the zero-temperature Hall conductivity is given by
Eq. (13) indicates that the Hall conductivity would simply change its sign asμ → −μ and that the Hall conductivity is equal to 4e 2 /h times the number of up-shifted LLs between −|μ| and |μ|. Eq. (13) can also be written in the form
Here [x] means the integer part of x. The last term is the contribution of level anomalies (N = 0) [4] .
We also calculate the longitudinal conductivity (σ xx ) via the Kubo formula. The longitudinal conductivity have to be evaluated under the effect of disorder scattering (Γ = 0). Using Cauchy's integral theorem as in Refs. [16, 17] , we can obtain
. Applying the techniques of partial-fraction decomposition similar to that used in Ref. [18] and after some cumbersome algebra, we finally find that the zero-temperature longitudinal conductivity can be written in terms of the digamma func-tion (ϕ 0 ) [19] ,
Here,
Unlike Ref. 20 , we do not adopt low-magnetic field approximation here and therefore Eq. (16) is general and suitable for all values of the applied magnetic field. However, when we adopt the low-disorder and highmagnetic-field limit, we first consider Γ as being small and keep the terms in the order of Γ 2 . Then, we let (μ + νt)/( 4 ω 4 c ) → 0, Eq. (16) could be simplified as
The first term is independent of B. The second and third terms are proportional to 1/B and 1/B 2 , respectively.
III. DEPENDENCE OF CONDUCTIVITY ON MAGNETIC FIELD AND CHEMICAL POTENTIAL
Since both the magnetic field and chemical potential could be tuned experimentally, we display the calculated conductivity as a function of 1/B andμ in this Sec. Here we use the interlayer hopping energy t = 0.2 eV for the AA-stacking and t = 0.4 eV for the AB-stacking as determined by the ab initio DFT calculations within the local density approximation (LDA) [21] . Moreover, because the quantized values of the Hall conductivity is independent of the presence of disorder scattering [22] , we show only the Hall conductivity in the clean limit (i.e., Γ = 0) and analyze the Hall plateaus qualitatively. 
A. Conductivities vs inverse of magnetic field
In Fig. 2 , the Hall conductivity is plotted as a function of 1/B and we should discuss the effect of chemical potential on the σ xy vs. 1/B curve. From Fig.  2(a) , we see that σ xy = ± 4e 2 h n, with n = 0, 1, 2, · · ·, for |μ| < t, and n = 1, 2, 3, · · ·, for |μ| > t, excluding
]t, where n 1 = 1, 2, 3, ··· and n 2 = 2, 3, 4, ···. It is clear from either Eq. (13) or Eq. (14) that σ xy (−μ) = −σ xy (μ), and hence we did not show any curves forμ < 0 in Fig. 2(a) . Interestingly, in constrast to the MLG and AB-stacked BLG, the AA-stacked BLG displays the pronouncedν = 0 plateau for |μ| < t, where the filling factorν = σ xy h/e 2 . The MLG and ABstacked BLG lack theν = 0 plateau because their level anomalies are located at E = 0. The level anomaly of the MLG is the zeroth Landau level while those of the ABstacked BLG are the zeroth and first Landau levels. The occurrence of level anomalies is a remarkable manifestation of the unique property of chiral quasiparticles [8, 23] . In the AA-stacked BLG, similarly, level anomalies also exist in the LL spectrum. However, for the AA-stacked BLG, the level anomalies are shifted up and down by t, respectively. Thus, these level anomalies are unique in the sense that they are always located at the Dirac points regardless of the magnitude of B, in contrast with the other Landau levels [4, 8, 10] . It is worth mentioning that the Dirac points often exhibit interesting electronic properties, such as electron-hole puddle formation [24, 25] , and Andreev reflection type transitions. [26] Untill now, some transport properties at these Dirac points remain to be understood [27] . The level anomaly is one of the interesting properties of the Dirac points and recently the nature of its electronic states (being metallic or insulating) in the high magnetic field-low temperature regime is hotly debated [28] . Displayed in Fig. 2(b) are the Hall plateaus of the AA-stacked BLG for |μ| = [( √ n 2 + √ n 1 )/( √ n 2 − √ n 1 )]t. We find that in addition to theν = 0 plateau, other differences between the AA-stacked and AB-stacked BLGs exist. In particular, when |μ| = [(
some 8e
2 /h-steps appear at 1/B = 0. In other words, in comparison with the other cases of |μ| > t
, some plateaus would be missing for |μ| = [(
Furthermore, these 8e 2 /h-steps appear periodically. Takinḡ µ = 3t (i.e. n 2 = 4, n 1 = 1), for example, between any two 8e 2 /h-steps, the curve passes through three 4e 2 /hsteps and four plateaus. Only the Hall plateaus σ xy = 4e 2 h n, n = ±1, ±2, ±3, ±4, ±6, ±7, ±8, ±9, ±11, ±12, · · ·, appear. In other words, the Hall plateaus n = ±5, ±10, ±15, · · · are absent here. When |μ| > t, the quantum Hall effect of the AB-stacked BLG must be studied based on a four-band Hamiltonian [10] . Based on the four-band model [10] , for |μ| > t, the AB-stacked BLG can also exhibit a 8e
2 /h-step, as shown in Fig.  2(b) . Although the 8e 2 /h-step is not specific to the AAstacked BLG, the periodic appearance of the 8e 2 /h-steps has never been seen in the AB-stacked BLG and hence is a unique characteristic of the AA-stacked BLG.
The longitudinal and transverse conductivities as a fuction of 1/B are plotted together in Fig. 3 . It is seen from Fig. 3 that the longitudinal conductivity goes to a local minima at the position of the Hall plateaus and reaches a local maxima as the steps appear except the step at 1/B = 0. The uniqueν = 0 Hall plateau of the AA-stacked bilayer graphene for |μ| < t is especially interesting. From Fig. 3(a) , we find that σ xx falls to zero as theν = 0 Hall plateau emerges. As stated previously, for |μ| > t, the AA-stacked BLG lacks theν = 0 Hall plateau. The first Hall plateau occurs atν = 4 or ν = −4. This encourages us to investigate the difference between the longitudinal conductivities at theν = 0 Hall plateau for |μ| < t and at theν = ±4 Hall plateaus for |μ| > t. Fig. 3(b) shows that for |μ| > t, the σ xx goes to zero as the first Hall plateau occurs. This implies that at the high magnetic field, the external electric field cannot drive any current for |μ| < t while the current is perpendicular to the external electric field for |μ| > t. Hereμ and t are in the order of 0.1 eV while the order of magnitude of Γ [O(Γ)] is 0.01 eV.μ + νt are about one order of magnitude higher than Γ (μ + νt ∼ 10Γ). Therefore, the condition of low disorder is satisfied. If 4 ω 4 c ≫ (μ + νt), Eq. (18) can be applied here. This needs ω c to be larger than 1.78 (μ + νt) and B is estimated to be at least a few times larger than 10 T. In the low-disorder and high-magnetic-field regime, we roughly estimate from Eq. (18)
When O(|μ| − t) ≥ 1Γ, σ xx ∼ 0.1(4e 2 /h) → 0. Interestingly, the results shown in Fig. 2 could be explained in terms of Fig. 4 . Let us account for Fig.  2(a) first. It is clear from Fig. 4 that for |μ| < t, level anomalies are outside the range of −|μ| ∼ |μ|. Conversely, for |μ| > t, level anomalies are inside the range of −|μ| ∼ |μ|. In the high magnetic field regime, for |μ| < t, no Landau level exists between −|μ| and |μ| and hence the AA-stacked BLG displays the conventional insulating behaviour (aν = 0 Hall plateau) even though it possesses chirality. Such behaviour of the AA-stacked BLG is in stark contrast to the MLG and AB-stacked BLG. However, for |μ| > t, level anomalies are located between −|μ| passes through the −|μ|-level. They always enter the region between |μ| and −|μ| (i.e. the shaded region) together and hence each contribute 4e
2 /h to the Hall conductivity. Therefore, the Hall conductivity is equal to 4e
2 /h times the number of either up-shifted or down-shifted LLs between −|μ| and |μ|. Therefore, in order to form a 8e 2 /h-step, either two up-shifted or down-shifted LLs must enter or leave the shaded region together. Hence we only need to focus on either up-shifted or down-shifted Dirac cones and discuss the movement of the LLs located in this cone to explain the origin of 8e 2 /h-steps. Let us consider the up-shifted Dirac cone. As the magnetic field decreases gradually, the up-shifted LLs would go close to its level anomaly, E = t. Therefore, we can infer that for |μ| < t, the LLs above the |μ|-level (called the upper LLs) go far away from the |μ|-level, while the LLs below the −|μ|-level (called the lower LLs) move toward the −|μ|-level, as shown in Fig.  4(a) . The lower LLs would enter the shaded region one by one but the upper LLs can never get into the shaded region. However, for |μ| > t, both the upper and lower LLs can go close to the shaded region [see Fig. 4(b) ], i.e., two up-shifted LLs may enter the shaded region together. Therefore, the 8e 2 /h-steps can only appear when |μ| > t. For brevity, we use indices (k, µ, ν) to denote the Landau level of E µ,ν k below. Let us label the two LLs which enter the shaded region together as the (k 1 , −, −) and (k 2 , +, −) LLs. Then, k 1 /k 2 = (|μ| − t) 2 /(|μ| + t) 2 . plateau step appears periodically for |μ| > t only. c Theν = 0 plateau occurs only if |μ| < t. (n 1 , n 2 ) satisfies this condition and n 1 /n 2 is an irreducible fraction. Then, (k 1 , k 2 ) = (pn 1 , pn 2 ), where p = 1, 2, 3···, is a set of solutions of k 1 /k 2 = (|μ|−t) 2 /(|μ|+t) 2 . Between the entries of [(p−1)n 1 , (p−1)n 2 ] and [pn 1 , pn 2 ] LLs, (n 1 + n 2 − 2) LLs get into the shaded region sequentially as 1/B decreases. Hence, (n 1 + n 2 − 2) 4e 2 /h-steps occur between any two 8e 2 /h-steps. The Hall conductivity is quantized as σ xy = ± 4e 2 h n with the exception of ± 4e 2 h (n 1 + n 2 )n, where n = 1, 2, 3, · · ·, as shown in Fig. 2(b) . Unlike the AB-stacked BLG and the other cases of |μ| > t of the AA-stacked BLG, the Hall conductivity for |μ| = [(
]t lacks theν = ±4(n 1 + n 2 )n plateaus. Furthermore, it is clear from Fig. 2(b) that when |μ| > t, the AB-stacked BLG can also exhibit a 8e 2 /h-step but the appearance of the 8e 2 /h-steps is not periodical. The main findings here are summarized in Table I . T in the AA-stacked BLG. However, when the condition of √ 2N υ F /ℓ B = t is reached by tuning the magnetic field, the (N, +, −) and (N, −, +) LLs would be located at E = 0. As a result, theν = 0 plateau disappears and a 8e 2 /h-step atμ = 0 forms, like the AB-stacked BLG. In other words, the absence of theν = 0 plateau needs the magnetic field B = πt 2 /N ehυ 2 F , where N = 1, 2 · ··. In Fig. 5 , B = 10.1 T and B = 15.2 T satisfy this condition with N = 3 and N = 2, respectively. Thus, these curves lack theν = 0 plateau.
In addition, we note that a 8e 2 /h-step occurs atν = t for B = 10.1 T and B = 15.2 T. For B = 12 T, all the LLs are nondegenerate and hence all the steps are of the height of 4e 2 /h. However, if the (N, −, +) and (o, +, −) LLs are degenerate at E = t, a 8e
2 /h-step appears at µ = t. This level degeneracy happens as the magnetic field B = 4πt 2 /N ehυ 2 /h-step appears atμ = t. We also find that the disappearance of a zero-Hall conductivity plateau is always accompanied by the occurence of a 8e
2 /h-step atμ = t, because if B = πt 2 /N ehυ 2 F , B would satisfy B = 4πt 2 /N ′ ehυ 2 F with N ′ = 4N . Interestingly, here we find that the structure of the Hall plateaus of the AA-stacked BLG would be significantly affected by the applied magnetic field, which is quite different from the MLG and the AB-stacked BLG.
IV. SUMMARY
In conclusion, we have calculated both the quantized Hall conductivity and longitudinal conductivity of the AA-stacked bilayer graphene within linear response theory by using Kubo formula. We find that the dependence of the Hall plateau of the AA-stacked BLG on the magnetic field is distinctly different from both the MLG and AB-stacked BLG as well as the conventional quantun Hall materials. In particular, the AA-stacked bilayer graphene could possess the uniqueν = 0 plateau, in contrast to other graphene materials such as monolayer and AB-stacked bilayer graphene. The shift of level anomalies due to interlayer hopping energy is attributed to be the origin of theν = 0 plateau. Nonetheless, theν = 0 plateau acrossμ = 0 would disappear if magnetic field B = πt 2 /N ehυ 2 F . In addition, we find that the disappearance of a zero-Hall conductivity plateau is always accompanied by the occurence of a 8e
2 /h-step atμ = t. Furthermore, when |μ| = [( √ n 1 + √ n 2 )/( √ n 2 − √ n 1 )]t, the AA-stacked BLG lacks theν = ±4(n 1 + n 2 )n plateaus, which exist in the AB-stacked BLG. We also find that when Γ → 0 and 4 ω
